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ABSTRACT: Equilibrium conformations of star-branched polyelectrolytes in dilute solutions are studied
on the basis of a numerical self-consistent-field (SCF) approach and analytical theories. It is shown that,
even in a dilute salt-free solution, the intramolecular Coulombic repulsion in many-armed stars is strongly
screened by counterions which are localized preferentially in the intrastar space. As a result, the
dependence of the star size on the number of branches levels off for many-armed stars. Addition of salt
results in additional screening and in contraction of the stars. The scaling prediction R ~ ¢s~5 for the
star size as a function of the salt concentration cs is well confirmed by SCF calculations. A decrease in
the star size can also be induced by an increase in the concentration of the polyelectrolyte in the solution.
We have observed significant contraction of the stars with increasing concentration below the overlap
threshold, i.e. in dilute solutions. The latter effect is more pronounced for stars with a small number of
branches. The screening of the intramolecular Coulombic repulsion due to added salt is compared with

that occurring upon increasing the concentration of the polyelectrolyte.

1. Introduction

Even though the properties of solutions of linear-chain
polyelectrolytes are not completely understood,'? charged
polymers of more complex architecture, such as ran-
domly or regularly branched polyelectrolytes or poly-
electrolyte gels, attract strong attention.

Partially this is because of their relevance for practical
applications, such as colloid stabilization.® Polyelectro-
lyte stars can be considered as models of micelles formed
by hydrophobically modified polyelectrolytes in aqueous
solutions*~6 and for more complex practical systems like
humic acids.

The behavior of charged polymers in the solution is
determined by the interplay of long-range Coulombic
interactions and effects of chain connectivity. From a
theoretical point of view, the most important feature
that makes polyelectrolyte solutions differ from those
of ordinary low-molecular-weight electrolytes is es-
sentially the nonlinear character of the screening of the
Coulombic interactions. In other words, the linear
Debye—Huckel (DH) approximation fails to describe the
equilibrium properties of polyelectrolyte solutions, es-
pecially at low polyelectrolyte concentration and at low
ionic strength of the solution.

The importance of nonlinear screening effects in
polyelectrolyte solutions was understood early. The
Manning counterion condensation concept’ is the first
example in this direction. We note that this type of
condensation occurs only for strongly charged and stiff
chains which retain local cylindrical symmetry on a
large scale, exceeding the electrostatic screening length.
In addition, nonlinear screening effects are also impor-
tant for flexible polyelectrolytes in dilute solutions, even
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when they are only weakly charged. (In this paper, we
discuss only quenched polyelectrolytes; the term “weak”
refers to a small fraction of charged monomers.)

Several approaches®~11 have been used to describe
screening in dilute and semidilute solutions of weakly
charged linear polyelectrolytes. They all are based on
certain heuristic ideas which cannot be proved rigor-
ously. Most of these theories®~1! predict that screening
of intra- and interchain Coulombic interactions in dilute
polyelectrolyte solutions is stronger than follows from
the linear DH approximation. Clearly, the most impor-
tant question is what happens in the dilute solution.
When the crossover concentration is defined, the prop-
erties in the semidilute regime can then be obtained
from scaling arguments.

The essential feature of dilute solutions is the inho-
mogeneous distribution of counterions. Counterions are
preferentially localized in the proximity of the polyions.
The inhomogeneous distribution of counterions is also
confirmed by simulations.12 Therefore, for weakly charged
linear chains, a scaling analysis that can deal only with
power law dependencies is hardly feasible, even when
the chains are very long.

The origin of the inhomogeneous distribution of
counterions in dilute solutions is, of course, the strong
Coulombic attraction between the counterions and the
polyion, which carries a large net charge. The equilib-
rium distribution is determined by the competition
between this attraction and the translational entropy
of the counterions.

One can expect that this inhomogeneity is even
stronger for branched polyions, where a comparatively
large charge is immobilized in a small volume. This
charge concentration must result in stronger attraction
and less freedom for the counterions than in a solution
of linear polyelectrolytes.

For strongly branched polyelectrolytes, the effect of
the localization of counterions in the intramolecular
volume appears to be strong enough to be treated on
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the level of a scaling approximation.13-15 It was shown
that, even in a very dilute solution, the high concentra-
tion of counterions inside the branched polyelectrolyte
provides strong screening of Coulombic repulsion be-
tween charged monomers.

There are two important consequences from this
trapping of counterions by strongly branched polyelec-
trolytes. First, the conformations of branched chains are
less sensitive to the addition of salt because intramo-
lecular repulsion is already screened. An increase in the
salt concentration leads to additional screening and
contraction of the branched polyelectrolyte only when
this concentration exceeds the intrinsic concentration
of counterions in the intramolecular space. Second, the
effect of an increasing polymer concentration (in the
dilute range) is expected to be weak in comparison to
that in linear or weakly branched polyelectrolytes. This
is because branched polyions release only a small
fraction of their counterions into the intermolecular
space. Hence, in a wide range, the intramolecular
concentration of counterions (and the intramolecular
screening) depends only weakly on the overall polyelec-
trolyte concentration.

Up to now, these effects in branched polyelectrolytes
have been considered only on the basis of the scaling
approximation.’®1* From these predictions, the main
power law dependencies for the structural properties of
branched polyions are known. But this approximation
cannot account for weaker non-power dependencies. The
latter are expected to be rather important especially
when the number of charges per branch is relatively low.

The aim of the present paper is to go beyond the
scaling approximation and to analyze the screening
effects in branched polyelectrolytes in dilute solution on
the basis of a self-consistent-field (SCF) numerical
approach, which on the mean-field level gives exact
results, in combination with a strongly simplified ana-
lytical mean-field model. The results of the SCF calcula-
tions are compared to earlier scaling predictions, which
serve as a guideline for a more elaborated analysis. We
show that scaling gives a qualitatively correct descrip-
tion of the main trends in the behavior of branched
polyelectrolytes in solution. For our analysis, we have
chosen the simplest but most instructive type of branched
polyelectrolytes, the star-branched polyelectrolyte. The
degree of branching in this case is simply determined
by the number of branches joined in one junction point.

After the description of our model in section 2, we
consider the intramolecular screening by counterions in
the dilute limit as manifested in the dependence of the
star size on the number of branches (section 3). The
screening by added salt and the dependence of the star
conformation on the salt concentration are analyzed in
section 4. In section 5, we consider the concentration
effects in a salt-free solution of stars and we discuss the
overlap threshold. Our conclusions are summarized in
section 6.

2. Cell Model for a Solution of Polyelectrolyte
Stars

We envisage a dilute solution of star-branched poly-
electrolytes as an ensemble of spherical cells (analogous
to the Wigner—Seitz cell'®), each containing one poly-
electrolyte star molecule localized at the center, Figure
1. The cell radius D equals half the average distance
between the centers of neighboring stars, i.e. D ~ cp~%3,
Here and below, the polyelectrolyte concentration cp is
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Figure 1. A polyelectrolyte star in a spherical cell. The star
has f branches of N monomer units each. The cell radius is D,
and the star occupies the central region within radius R.

assumed to be below the overlap concentration. The
star-shaped polyion (with a bare charge eQ) occupies the
central region, r < R, of each cell. Here, r is the distance
from the center of the cell and R is the average extension
of branches. The periphery of the cell, R < r < D,
corresponds to the interstar space in the solution.

The strength of the electrostatic field (and as a result
the derivatives of the concentration profiles of all types
of small ions) vanishes at the edge of the cell, at r = D.
Polymer concentration effects in the dilute range are
modeled by varying D.

The main molecular parameters of the polyelectrolyte
star are the number of branches f, the number of
monomers per branch N, and the fraction of charged
monomers m~1. Here, m — 1 is the number of uncharged
monomers between two neighboring charges along the
chain. The overall charge eQ of the star is then equal
to efN/m, where e is the elementary charge.

The fraction m~! of charged monomer units in the
chain is assumed to be small. The Bjerrum length lg =
e?/kgTe is of the order of a monomer size which is taken
as the unit length. Here, ¢ is the dielectric constant of
the solvent, T is the temperature, and kg is the Boltz-
mann constant. The star branches are intrinsically
flexible; i.e., the Kuhn segment length is also of order
unity.

Because of the electroneutrality of the solution as a
whole, the cell contains Q monovalent counterions.
When salt is added, co-ions and counterions of the salt
are also added in equal amounts.

2.1. Analytical Model. In the following, we will use
a mean-field Flory-type approach for the analysis of the
large-scale properties of a dilute salt-free solution of
polyelectrolyte stars. The free energy can be split into
various contributions

F= I:Coulombic +F

ions + I:conf + I:conc (1)
describing the Coulombic interactions between all charges
(charged monomers and counterions), the translational
entropy of counterions, the conformational entropy of
the extended branches of the star, and the concentra-
tional (osmotic) part describing the short-range interac-
tions between uncharged monomers, respectively. We
remark that, within the accuracy of excluded-volume
terms, this mean-field model is equivalent to that used
earlier.'® A similar mean-field cell model has also been
applied for ionic microgels by Kramarenko et al.2*
The free energy given by eq 1 is a functional of the
monomer and counterion density distributions. How-
ever, in order to analyze the dependence of the average
star size R on parameters such as the number of
branches f, the length of the branches N, the fraction
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of charged monomers m~%, and the cell radius D, we
neglect spatial variations of these densities within the
central region r < R and in the peripheral region R <r
< D. In other words, we define the free energy in eq 1
as a function of two variables: the radius of the star R
and the actual (uncompensated) charge in this central
region Q*. Hence, we assume that Q — Q* counterions
are retained by Coulombic attractions in this central
region r < R, whereas the remainder of the counterions
Q* are distributed evenly in the region R < r < D.

As we assume the density of counterions (and the
electrostatic potential) to have constant (but different)

values inside and outside the star, the Coulombic term
ist’

_ Q7 R
I:Coulombic/kBT - IBF (5) )
where the function ¢(x) is given by

1
ﬁ(X) = 1—0 1

+_

5 —9x + 5x° — x°
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The translational entropy term, giving the contributions
of the translational entropy of ions inside and outside
the star, is

— (O — 0 |n[Q—QF
I:ions/kBT - (Q Q ) In( V(R) ) +

@ (55 L vm) @

where V(r) = (4x/3)rs.

The conformational entropy of the extended branches
of the star can, in the Gaussian approximation, be
written as

3fR?
I:(:Onf/kBT = 2N (4)

For the nonelectrostatic osmotic contribution, we use
the virial expansion

FeondkaT = Y,VINgp + Y WiNg,? (5)

conc
where @p = 3fN/47R3, which is the volume fraction of
polymer segments within the star volume and v and w
are the dimensionless second and third virial coef-
ficients, respectively. The former is related to the Flory—
Huggins y parameter as v =1 — 2y. In a © solvent, the
binary attraction of monomers compensates their ex-
cluded volume so that v = 0. Whereas linear polymers
under © conditions exhibit Gaussian statistics, in
strongly branched polymers the ternary repulsive in-
teractions appear to be strong enough to induce swelling
of the star even when v = 0.18-20

The values of Q* and R are found from minimization
of the free energy:

L I
* R
prem) .
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The result is

_R_1 Q _,\P’_
=1, 20RID) '”[(Q* 1)(R3 1)] ©

RS = SEf{ IBQ*Z[z‘}(R/D) - gﬁ'(R/D)] +

L Qf 1 9PN N )}
3R[Q 1—(R/D)3] et 2] ©

where ¥'(x) = do/dx.

These two equations describe both the star size R and
the uncompensated charge Q* inside R as a function of
the bare charge Q, the number of branches f, the branch
length N, and the cell size D.

2.2. Numerical SCF Model. The numerical SCF
approach is based on the Scheutjens—Fleer (SF) algo-
rithm proposed earlier for neutral polymers at inter-
faces?22% and extended to account for the electrostatics
on a Poisson—Boltzmann level.?* Some information on
the method is given below; for full details, one should
consult the original literature.

The SF—SCF approach uses a lattice which facilitates
accounting for the volume of all molecular components.
A lattice cell with the size of the Bjerrum length can be
occupied either by a solvent molecule S, by a polymer
segment P, or by a mobile ion. We assume that there
are two types of ions in the system: co-ions, Cl—, and
counterions, Na* (polymer segments are assumed to be
negatively charged). The lattice cells are arranged in
an array of concentric spherical shells (or “layers”)
numbered as z = 1, ..., M; the outer surface of the zth
layer is at the distance r = zlg from the center. The total
cell radius is given by D = Mlg. The volume of the
system within the shell number z is given by V(z) =
47781g%/3 and a layer at coordinate z contains L(z) = (V(2)
— V(z — 1))1g3 = 4a(z2 — z + 1/3) lattice sites. The
dimensionless inner area a; and outer area a, of a lattice
site in layer z are given by ai(z) = 4n(z — 1)?/L(z) and
ao(z) = 4mz%/L(z), respectively. These quantities deter-
mine the so-called a priori step probabilities, 1(z, z'), for
steps from layer z to z', where z' takes the values z — 1
(to the inner layer), z + 1 (to the outer layer), and z
(within the same layer). The step probabilities are given
by A(z, z — 1) = ai(2)/6, A(z, z + 1) = a,(2)/6, and A(z, 2)
=1-—Mz,z+ 1) — Az, z — 1), respectively.

The SCF formalism features the particle potentials
ux(z) which are conjugated to the volume fractions ¢y(z).
These volume fractions are related to the local concen-
trations as gx(z) = cx(z)Ig3. Subscript x is used to refer
to the various types of particles x =S, P, Na*, Cl~. The
functions uy(z) and g«(z) are mutually dependent and
are, for a given particle type, only functions of the z
coordinate. Hence, all the local properties of the system
are preaveraged over the angular coordinates (the
spherical approximation). The total potential of a par-
ticle of type x comprises three terms:

U@ = U@ + ksT Y 1§20~ ¢y) + vey(2) (10)
y

The first term is coupled to the incompressibility
constraint 3 ypx(z) = 1. The second term gives the short-
range interactions, parametrized by Flory—Huggins
interaction parameters yy, between particle types x and
y; this interaction term depends on the volume fraction
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of the components. The term [, (z)is the site-average
volume fraction, which is equal to A(z, z — 1) ¢y(z — 1)
+ Az, 2) ¢y(z) + Az, z + 1) ¢y(z + 1) (note that the site
fraction causes the potential to be nonlocal and geom-
etry dependent). The quantity qoty) in eq 10 is the
concentration of monomers of type y in the bulk. The
third term accounts for the electrostatic contributions.
The local charge q(z) per lattice layer is given by q(z) =
e> xvx@x(z), where e is the elementary charge and v, the
valence of the particle of type x. The local electrostatic
potential, 1(2), is related to the local charge density, q(z),
via the Poisson equation.

In order to obtain the density profiles ¢x(z) from the
segment potentials uy(z), one has to evaluate all possible
and allowed conformations of the molecules in the
potential field. In the special case of a polymeric star,
one has to consider the grafting constraint present on
the first segments of each arm. In a first-order Markov
approximation, one can compare the chain conforma-
tions of one arm of the star with segmentss =1, ..., N
with the path of a diffusing particle in an external field
that starts in (or near) the center of the coordinate
system and ends up somewhere in the system at a time
t (=N). The corresponding diffusion equation features
end-point distribution functions Gp(z, s|z*, 1) for the
statistical weight of finding a chain fragment that starts
with segment s = 1 at z* (grafting point) and ends in
layer z with segment s and correspondingly Gp(z, s|N)
for the statistical weights of all possible and allowed
conformations, with the specification that segment s =
N can be anywhere in the system and again segment s
is at coordinate z. Hence, Gp(z, s|N) is the sum of Gp(z,
s|z', N) over all z'. The end-point distribution functions
obey, as already mentioned, the diffusion equation
which, in discrete notation, can be written as

Gp(z, s|z*, 1) = Gp(2)[Gp(z, s — 1|z*, 1)
Gp(z, SIN) = Gp(2)[Gp(z, s + 1IN)O (11)

These propagator relations are started by the condition
that a “walk” of one segment long should be weighted
by the free segment distribution function: Gp(z, N|N)
and Gp(z) for all z and Gp(z*, 1|z*, 1) = Gp(z*) (grafting
condition). The segmental weighting factor Gp(z) is
defined as exp(—up(z)/kgT). The segment densities follow
from the composition law:

Gp(z, s|z*, 1) Gp(z, SIN)

@p(z,8) = Cp Go(2) (12)

Here, the factor Gp(z) in the denominator corrects for
the double counting of the Boltzmann weight for seg-
ment s in the nominator. The normalization factor Cp
is fixed by the number of arms f in the system:

N
Cp= (13)

M
L(z) Gp(z, N|z*, 1)

7=

The grafting coordinate of the arms of the star, z*, is
chosen such that L(z* — 1) < f < L(z*). The density
distributions of all monomeric components x € {S, Na*,
CI~} follow directly from the above formalism; eq 12 now
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reduces to ¢x(z) = ¢ Gx(z). Note that ¢f,. = ¢2, as the
electrostatic potential vanishes in the bulk of the
solution.

The set of equations as presented in this section is
closed but should be complemented by boundary condi-
tions. As the cell is electroneutral as a whole, we set
the “reflecting” boundary conditions at z = M, which
guarantees that there are no gradients present in the z
direction betweenz=Mandz=M + 1; i.e.,, (M + 1)
= (M), ux(M + 1) = ux(M), etc.

The above set of equations are solved iteratively by a
Newton-like method. This results in radial distributions
of overall monomer densities, P, S, Na*, Cl~, as well
as, e.g., the densities of end segments and all the
interior segments, the segment potentials, and the
electrostatic potential. It is also easy to obtain measures
for the size of the star, such as the first moment of the
distribution of end segments:

M
_Z*L(Z) (z = 7%) @p(z, N)
R=__ . (14)
_Z*L(Z) @p(z, N)

Parameters are taken as simple as possible: yx, = 0
when both x and y are not P, in a good solvent ypy= 0
and under ©-conditions ypy = 0.5. The valences are
defined as follows vs = 0, vnat = 1, vor- = —1, and vp =
m~1. The last statement means that every monomer has
the same charge, which is between 0 and —1.

3. Dilute Salt-Free Solution: Charge
Renormalization and Intrinsic Screening

We start with the analysis of the conformation of a
polyelectrolyte star in a dilute, salt-free solution. The
values of R and Q* follow from solving the two implicit
equations (8) and (9) simultaneously. Previously, scaling
relations for the star size as a function of the number
of branches, the fraction of charged monomers, and the
branch length have been derived.!3 In this section, we
compare these scaling predictions to the analytical
model as described in the previous section and to the
numerical SCF results.

As follows from eq 8, in the dilute limit D > R, the
distribution of counterions in the solution strongly
depends on the ratio between the bare star charge eQ
and the star radius R.

At Q < R/lg, the Coulombic attraction of counterions
to the star is relatively weak and the translational
entropy favors a uniform distribution in the whole
available space of the solution. This means that, at D
> R (dilute limit), the average fraction of counterions
localized in the volume occupied by the star is small and
charged branches interact by unscreened Coulombic
repulsion. This is the case for stars with a small number
of branches, f < *, where f* corresponds to the crossover
between the unscreened and the intrinsically screened
stars (see below). As has been shown in the literature,
f* = m22|g~1.13.14 The stars with f < f* shall be referred
to as “unscreened stars”. The asymptotic expression for
the dimensions of the unscreened star can be obtained
from eqgs 8 and 9 if the last two terms in eq 9 describing
the contribution of the excluded-volume interactions are
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Figure 2. Charge renormalization effect: an effective (un-
compensated) charge Q* within the radius R as a function of
the bare (immobilized) charge Q calculated from eq 8 for
different values of the cell size. D/R = 102, 103, 10% R = 100.

negligibly small compared to the other terms and f <
f*. Balancing then the unscreened Coulombic repulsion,
so Q* = Q, with the conformational entropy losses in
extended branches gives the result that the star size
grows with increasing number of branches as®®

R~ Nm*2/3IBll3fl/3 (15)

As soon as the excluded-volume interactions play an
important role, the effective exponent for the f depen-
dence of the star size is somewhat smaller. We remark
that the size of a neutral star grows due to intrabranch
steric repulsion with increasing number of branches as
R ~ f15 or R ~ f4 under good or ®-solvent conditions,
respectively, instead of R ~ 3 as for polyelectrolyte
stars.18-20

In the opposite limit, Q > R/Ig (corresponding to the
screened stars), the Coulombic attraction becomes strong
enough to win the competition with the translational
entropy so that the distribution of counterions in the
solution becomes strongly nonuniform. Most of the
counterions remain in the volume occupied by the star,
and their concentration is much larger there than the
average concentration in the solution, while the con-
centration of “free” counterions in the interstar volume
is much smaller than this average value.

The average number of “free” counterions, given by
the uncompensated charge Q* in the volume occupied
by the star, is determined by eq 8 and presented in
Figure 2 as a function of the bare charge Q. As follows
from the figure, Q* equals Q for small values of Q,
whereas at large values of the bare charge, the effective
uncompensated charge Q* grows only logarithmically
with increasing Q, so that the dependence of Q* on Q
levels off. In the range of large bare charges, Q > R/lg,
the uncompensated charge within the volume of the star
remains proportional to R/lg (i.e., it is much smaller
than the bare charge Q). This means, in turn, that most
of counterions remain effectively trapped in the interior
of the star by the Coulombic attraction and only a small
fraction of them are released into the bulk of the
solution. This concept is known as charge renormaliza-
tion and was first proposed by Alexander et al.2> for salt-
free solutions of charged colloidal particles and later by
Pincus?® for polyelectrolyte brushes.

The physical meaning of the charge renormalization
threshold, Q* = R/lg, is transparent: the counterions
are pulled inside the star by the Coulombic force and
compensate the charge of the star unless the energy of
the Coulombic attraction e2Q*/cR is smaller than the
thermal energy kgT.
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With increasing number of branches, f, the Coulombic
interactions become stronger because the size of the star
in the unscreened regime grows as ~f13, according to
eq 15, whereas the bare charge of the star grows as ~f.
For stars with a large number of branches, f> f* Q is
no longer much smaller than R/lg and most of the
counterions are retained in the interior of the star.
These counterions ensure partial screening of the Cou-
lombic repulsion between charged branches. In the limit
f> f* the terms ~Q* in the right-hand side of eq 9 are
negligibly small. If we ignore the nonelectrostatic
(excluded-volume) interactions, we derive from eq 9 the
dependence of the size of the star on of the number of
arms in the screened regime:

R(f) = Nm ™2 (16)

which indicates that the size of the many-armed star
becomes independent of the number of branches. Equa-
tion 16 does not take into account the incomplete
compensation of the star charge by counterions trapped
in the intrastar space, i.e. the presence of a small
fraction of counterions in the interstar space of the
solution. If the latter is taken into account, a weak
(logarithmical) growth instead of a plateau in the R(f)
curve is expected. This regime for Q > R/Ig is called
the osmotic regime. The reason is that eq 16 can be
obtained also on the basis of “osmotic” arguments:1326
the extensional Coulombic force applied to the branches
of the star is proportional to the excess osmotic pressure
due to counterions trapped inside the star by the
attractive Coulombic force. The balance between this
osmotic pressure and the conformational free energy
penalty for the extension of branches, eq 4, results in
eq 16.

The alternative set of arguments leading to eq 16 is
based on the concept of intrinsic screening length. We
introduce the Debye screening length, <71, as

it = (Igc) 2 (17)

where c¢ is the concentration of mobile ions. In this
paper, we use two different Debye screening lengths,
the intrinsic screening length, i1, and the screening
length caused by added salt, «s71. &1 is defined as
(Isci)~%2, where ¢; is the concentration of counterions in
the intrastar space. It is easy to prove that «i ™! < R;
i.e., Coulombic interactions inside the star are screened
on a scale much smaller than the star radius if the
condition f > f* applies. This is the basis of the local
electroneutrality approximation, according to which
there is a local compensation of the immobilized charge
on the branches by counterions on the scales larger than
Ki_l.

The effect of the screened Coulombic repulsion of the
charged monomers on the large-scale conformational
properties of the star polymer is equivalent to that of
the short-range binary repulsion (excluded-volume in-
teractions) and can be formally described using the
effective (electrostatic) second virial coefficient?”

Voip = gk °m ™2 (18)

The factor m~—2 reflects the fact that only a fraction m~—1
of monomers is charged. The size of the star, which is
dominated by short-range binary repulsive interaction
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Figure 3. Star size R as a function of the number of branches
f (in double-log coordinates) in a salt-free solution under ©
(a) and good (b) solvent conditions for N = 200 and for m =5
(diamonds), 10 (circles), and 15 (triangles). The curves with
the closed symbols correspond to the solution of eqs 8 and 9,
while the lines with the open symbols correspond to results of

SCF calculations at ¢? = 107 and D = 150. The bold lines
show the slopes predicted by scaling.'®

between monomers (good solvent conditions), is given
by18—20

R ~ N3/5f1/5V1/5 (19)

Taking into account the definition of «;~* and the local
electroneutrality condition c¢; = cp/m, we arrive at the
known result eq 16.

According to eq 16, the star size is expected to be
virtually independent of the number of branches in a
certain range of f. Therefore, with increasing number
of branches, the monomer concentration and, as a result,
the relative importance of the nonelectrostatic interac-
tions between uncharged monomers increase. At a very
large number of branches, f > (N/m)?2, these nonelec-
trostatic interactions become dominant.’® Obviously,
this regime is attainable only for very weakly charged,
m > 1, stars.

If the concentrational contribution described by the
last term in eq 9 is neglected, then egs 8 and 9
interpolate between two asymptotic limits given by eqs
15 and 16, which give the radius R for a star with small
and large numbers of arms, respectively.

The dependencies of the star size R on the number of
branches f have been calculated with the numerical SCF
model at low ionic strength of the solution, ¢+ = ¢2,_
= 1077, and by simultaneous solution of egs 8 and 9 of
the analytical model. The results are shown in Figure
3.

As expected from egs 15 and 16, In R, increases
linearly with In f for the stars with small numbers of
branches and levels off for the many-armed stars. The
remaining growth is mainly due to the increasing
importance of the nonelectrostatic interactions of un-

Macromolecules, Vol. 32, No. 7, 1999

charged monomers and is more pronounced in a good
solvent (Figure 3b) than in a © solvent (Figure 3a).
The initial slope of In R vs In f curves is close to /3
(eq 15) in a ®© solvent (m = 5, 10, 15) and is close to 2/;
in a good solvent, as predicted earlier.’® For m = 2 (not
shown in the figure), the initial slope is significantly
smaller because the fraction of charged monomers is
large enough to induce intrinsic screening by counteri-
ons even at small values of f (f* ~ m¥2 ~ 1 in this case).

The two methods of calculation give the same trends,
although the analytical approach systematically gives
a larger star radius than the SCF calculations. This
difference is not surprising in view of the uniform charge
density approximation used in our analytical model. The
latter approximation becomes especially poor in the
interstar region where the actual distribution of coun-
terions is strongly nonuniform. This nonuniform distri-
bution is fully taken into account in the SCF calcula-
tions.

It is instructive to analyze the m dependence of the
size of stars for different values of f. Figure 4 shows a
double-logarithmic plot of R as a function of m. We see
that, with increasing f, the absolute value of the slope
of In R vs In m curves systematically decreases from
=0.66 to =0.5 in a ® solvent and from =0.57 to =0.4 in
a good solvent, which is in accordance with the predic-
tion of egs 15 and 16 and the results of the scaling
analysis.’® This gives thus an indication that the
(asymptotic) unscreened and osmotic regimes at small
and large f, respectively, really exist.

The SCF method allows us to get a better insight into
the intrinsic structure of the star through the analysis
of the radial distribution of the monomer and counterion
densities.

Figure 5 shows the radial decay of the monomer
density in log—log coordinates for stars with different
numbers of branches (f = 3, 20, 100). We see that, in a
wide range of r, corresponding to the internal region r
< R, the slope is close to —2, which indicates a uniform
extension of the branches. This is expected because R
~ N, according to egs 15 and 16, for both unscreened
and osmotic stars.

The extension vanishes (i.e., the local tension van-
ishes) at the free ends of branches. Figure 6 presents
the radial distribution of the free chain ends, normalized
for one branch, in stars with different numbers of
branches.?® The free ends are localized in a relatively
narrow range near the edge of the star. The fluctuations
in the overall extension of branches are nearly Gaussian
in stars with a relatively small number of branches (f
< 50; see Figure 6). With increasing number of branches,
the position of the maximum of the distribution shifts
to larger r, which reflects an increase in the overall
extension. However, as we have discussed above, for
many-armed stars the average star size (i.e., the position
of the maximum in the ¢g(r) curve) is virtually inde-
pendent of the number of branches. This feature is
clearly demonstrated in Figure 6. It is important to note
that the distribution of the free ends is wide for large f;
its shape becomes asymmetric and is reminiscent of the
distribution of free chain ends in a planar polyelectrolyte
brush.2® In other words, near the edge of a many-armed
star, the effect of curvature is weak and the structure
of the peripheral region of the star resembles that of a
planar polyelectrolyte brush. As a rough estimate for
the onset of the development of the asymmetry of the
@e(r) distribution, we can use the condition «i~1 < N2,
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Figure 4. Star size R as a function of m (in double-log coordinates) for f = 3 (crosses), 10 (dots), 20 (triangles), and 100 (diamonds),
under © (a) and good (b) solvent conditions. N = 200, D = 150, and (p*; = 1077. The bold lines show the slopes predicted by
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Figure 5. Monomer density profile gp(r) (in double-log
coordinates) for stars with different numbers of branches f (©-
solvent conditions, N = 200, m = 5, D = 150, (pg =1077). The
bold line indicates the slope —2 corresponding to a uniform
extension of the branches.
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Figure 6. Radial distribution g¢(r) of the end monomers of
the star (normalized for one branch) for stars with different
numbers of branches f (®-solvent conditions, N = 200, m = 5,

D = 150, ¢? = 1077).

which implies that the electrostatic field is screened on
the lengths smaller than the range of the Gaussian
fluctuations of extended branches of the star. This
condition results in f > f*N/m. For the set of parameters
used in Figure 6, we calculate that the number of arms
should be larger than 40, which agrees with the
observation noted earlier. At larger f, the intrinsic
screening length «;~! at the edge of the star is smaller
than the range of Gaussian fluctuations of the extension
of branches and we expect quasi-planar behavior of the
periphery of the star. We mention the direct analogy
between this observation and that in the literature,3°
where the intrinsic structure of neutral polymer stars
was studied by the numerical SCF method.

Figure 7 gives an illustration of the distribution of
counterions inside the star and in the bulk of the
solution around the star. In order to illustrate the
degree of localization of counterions in many-armed
stars, we present both the counterion and the polymer

0.006 =7-3
——1f=20
ﬁ,q)i 0.001 ~— =100
m
0.0001
0.003
10° =
10 . 100
0 L .
0 10 r 20

Figure 7. Radial distribution of charged monomers and
counterions (normalized for one branch) in stars with different
numbers of branches f. The curves with the closed symbols
correspond to the distribution of counterions g¢;; those with the
open symbols give the monomer distribution gp/m (®-solvent
conditions, N = 200, m = 5, D = 150, ¢” = 107).
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Figure 8. Fraction of counterions localized inside the star
(at r < R) as a function of the number of branches f (@-solvent,
N =200, m = 5, D = 150, ¢° = 107).

densities (the latter is divided by m). Both densities are
normalized for one branch. As follows from Figure 7, at
small f, the counterions spread fairly uniformly over the
cell volume. With increasing f, the counterions become
more and more localized inside the star. At large f, the
radial profiles of counterions and charged monomers
inside the star approach each other, which illustrates
the local electroneutrality in the many-armed stars. The
deviation from local electroneutrality becomes signifi-
cant in the peripheral regions close to the edge of the
star; see insert in Figure 7. The local concentration of
monomers (and of counterions) is such that the local
screening length becomes comparable to the total star
size.l4

Figure 8 presents the fraction of “trapped” counterions
(localized at r < R, where R is the average end position)
as a function of f. With increasing f, the fraction of
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Figure 9. Star size R as a function of the volume fraction of salt in the bulk qz‘s’ (in double-log coordinates) for stars with different
numbers of branches f under ©-solvent conditions (N = 200, m = 5). In Figure 9a, the star size R is normalized to its value at (pg
= 1077, Riow, While in Figure 9b, it is normalized to its value at (pg’ = 1071, Rpigh. The bold line shows the slope predicted by

scaling.*

trapped counterions systematically increases and tends
to 1 for large f. This constitutes direct proof of the
localization of counterions in many-armed stars, i.e. the
existence of the osmotic regime.

4. Dilute Solution: Screening by Added Salt

The addition of low-molecular-weight salt to a solution
of branched polyelectrolytes results in additional screen-
ing of the Coulombic repulsion between charged branches
of the stars and in a deswelling with increasing salt
concentration.

As we have demonstrated in the previous section, the
intramolecular Coulombic repulsion in many-armed
stars is already partially screened in the salt-free
solution by counterions localized preferentially in the
intrastar space. The degree of localization of counterions
and the effect of intrinsic screening depend strongly on
the number of branches. Hence, the effect of additional
screening by salt is expected also to be strongly depend-
ent on the number of branches in the star.

As was discussed earlier,'* the larger the number of
branches, the higher the salt concentration required to
affect the conformation of the star. In other words, the
salt concentration in the bulk of the solution cg must
exceed significantly the intrinsic concentration of coun-
terions ¢; = cp/m in order to affect the star conformation
(i.e., to induce deswelling of branches). So, at small salt
concentration, ¢ < c;, the intramolecular screening is
dominated by counterions, while in the limit of high salt,
cg > ¢j, both co-ions and counterions contribute signifi-
cantly to the screening of the intrastar Coulombic
repulsion.

The size of the star in the salt-dominance regime can
be derived using the same mean-field arguments as
used for the star screened by counterions only. The
effective (electrostatic) second virial coefficient, Veft =
Isk~2 m~2, is determined by the bulk screening length,
st = (Ich) "2, and substitution into eq 19 gives

R~ N3/5fl/5m—2/5(cg)—l/5 (20)

The same result has been obtained in the literaturel4
on the basis of osmotic arguments by balancing elastic-
ity of the branches with the differential (excess) osmotic
pressure of all types of mobile ions inside and outside
the star.

Figure 9 presents the results of SCF calculations for
the star size R as a function of the bulk volume fraction
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Figure 10. Monomer density profile (in double-log coordi-
nates) of a star with f = 20 branches under ©-solvent
conditions at different salt concentrations (shown in the figure)
(N =200, m = 5, D = 1500). The bold lines show the slopes
predicted by scaling.'4

of salt ¢ = P, = @2, in the range of ¢’ from 107 to
1071 corresponding to the variation of the Debye screen-
ing length (measured in the monomer lengths) from
approximately 200 to unity. The number of monomers
per branch, N, is equal to 200; the fraction of charged
monomers is set equal to 0.2 (i.e., m = 5). Different
curves correspond to different numbers of branches f,
which is varied over a wide range, 3 < f < 200.

All the curves in Figure 9a are normalized to the
value at “low” salt (at (pg = 1077 in our calculations). At
large f, there is a well-developed plateau at small salt
concentration where R = Ry, corresponding to a
predominance of counterions in the intramolecular
screening. With increasing salt concentration, the salt
starts to contribute to the screening and gradual
deswelling of stars occurs. The larger the number of
branches f in the star, the higher the salt concentration
where the onset of this deswelling is found.

In the limit of large salt concentration (the salt-
dominance regime), In R decreases almost linearly with
q;g, as demonstrated in Figure 9b, where the sizes of
the stars are normalized to their values at “high” salt
concentration ga? = 1071, The slope is found to be close
to —1/5, as predicted by eq 20.

Figure 10 presents the evolution of the monomer
density profile (in log—log coordinates) for a star with f
= 20 at several ionic strengths. The slope of In gp(r) vs
In r curves in the central part of the star progressively
decreases from around —2 in the salt-free regime to
around —*/3 at high salt concentration. The power law
@p ~ r~¥3 for the radial decay of the monomer density
is typical for a star swollen by short-range binary
repulsive interactions between the monomers3! and has
been predicted for the salt-dominance regime.14
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Figure 11. Ratios of the average concentrations of co-ions
and counterions inside the star to the bulk value as a function

of the volume fraction of salt in the bulk (pg (in double-log
coordinates), for stars with different numbers of branches f
under ©-solvent conditions (N = 200, m = 5, D = 150).

Figure 11 shows the relative volume fractions of co-
ions and counterions inside the star as a function of ¢°
for different values of f. For a star with a small number
of arms and low (pg, the concentration of ions inside the
star is relatively close to the bulk value. For large f, the
concentration of counterions inside the star is much
larger than the bulk volume fraction gog, but the differ-
ence becomes smaller as ¢° increases and the salt-
dominance regime is approached.

5. Concentration Effects in Dilute Solution:
Star Contraction and Overlap Threshold

The behavior of charged macromolecules with increas-
ing concentration in the solution is qualitatively differ-
ent from that of neutral ones because of the long-range
character of intramolecular Coulombic interactions and
the screening effect of counterions. This difference is
most pronounced in a salt-free case. In the high-salt-
concentration regime, strongly screened Coulombic
interactions are equivalent to short-range excluded-
volume interactions. In the latter case, charged poly-
mers behave like neutral ones under good solvent
conditions (see previous section).

In dilute solutions (and in a good solvent), neutral
polymers are swollen due to short-range intramolecular
excluded volume repulsions of monomers. This swelling
is the same (with the accuracy of weak concentrational
effects) in the whole range of dilute solutions, i.e. at all
concentrations below the overlapping threshold c*. At
concentrations above c*, the intramolecular excluded-
volume repulsion becomes partially screened due to
other polymers. This screening becomes stronger and,
correspondingly, the polymer deswells as the concentra-
tion of the solution increases. The chains approach their
Gaussian (ideal) dimensions as the volume fraction (the
concentration of polymer in the solution) approaches
unity. For neutral polymers, screening of intramolecular
interactions occurs only above c*, i.e. in the semidilute
regime. The overlap threshold is thus determined by the
polymer size R in the dilute solution32 as ¢c* = N/RS.
Concentration effects in solution of neutral polymer
stars have already been extensively discussed.1820

The swelling of charged polymers in dilute solution
is determined by the intramolecular Coulombic repul-
sion. Due to the presence of counterions, which are
spread all over the volume of the solution because of
entropic factors, this intramolecular repulsive interac-
tion becomes progressively screened with increasing
solution concentration even below the geometrical over-
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Figure 12. Star size R as a function of the cell radius D for
different numbers of branches f (©-solvent conditions, N = 200,

m=25, q;*; = 1077). The “confinement” line R = D is shown for
comparison.

lapping threshold for polyions. With increasing concen-
tration of polyelectrolytes (and of the counterions) in the
solution, the corresponding screening length becomes
progressively smaller. The intrachain repulsion becomes
weaker, and as a result, deswelling of polyelectrolytes
occurs.

As discussed in section 3, the distribution of counte-
rions in dilute solutions of branched polyelectrolytes is
strongly inhomogeneous: the local density of counteri-
ons in the intramolecular space is larger than the
average in the solution. This inhomogeneity becomes
more pronounced with increasing degree of branching
and becomes extreme (trapping of most of counterions)
in solutions of many-armed stars. Hence, one can expect
the following: (i) Polyelectrolyte molecules in a salt-free
solution exhibit considerable deswelling with increasing
concentration of polyelectrolytes below the overlapping
threshold. (ii) The overlapping threshold is determined
not by the polyelectrolyte size in the highly dilute limit
but by the actual (much smaller) size which polyelec-
trolytes attain at the crossover between dilute and
semidilute regimes. (iii) The deswelling induced by an
increase of the solution concentration in the dilute
regime is more pronounced for weakly branched poly-
electrolytes; strongly branched ones are less sensitive
to the solution concentration below the overlap thresh-
old.

The last statement is the most important for us and
is based on the fact that the concentration of counterions
in the intermolecular space in a dilute solution of
strongly branched polyelectrolytes is low in comparison
to their intramolecular concentration.

In order to check these predictions, we have per-
formed SCF calculations for the stars with different
numbers of branches in a cell with a variable radius D.

The polymer density and the free-end distributions
as well as the counterion distributions were calculated
in order to get insight into the conformational changes
which occur in a polyelectrolyte star with increasing
concentration of the solution in the dilute regime (below
the overlap threshold).

Figure 12 presents the average star size as a function
of the cell radius D for f = 3, 20, 50, 100 and for N =
200 and m = 5. The bold line R = D indicates the regime
of “geometrical confinement” of the star in a cell
corresponding to the close packing of stars in the
solution. All the stars exhibit a significant decrease in
size with decreasing D (increasing concentration) in the
range R < D, i.e. D = D*. Here we define the cell size
D* in analogy to the overlapping concentration of the
solution c*; this means that for D* the star size R is
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Figure 13. Example of the radial distribution of the end
monomers ¢e(r) for a star with f = 20, N = 200, m = 5, (pg =
1077, ®-solvent conditions, at different cell sizes D. The dots
denote the end of the cell.

the same as the shell size D*, R(D*) = D*. In order to
obtain a better estimate for D*, we have to analyze the
evolution of the star intrinsic conformational structure
with increasing solution concentration (decreasing D).
From Figure 13, presenting the radial distribution of
the free ends of a star, it follows that roughly three
stages of the star contraction with decreasing D can be
distinguished.

In the first stage, D > R, the star size decreases due
to enhanced screening of intrastar repulsion by coun-
terions which are progressively pushed into the in-
trastar volume as the overall available volume of the
cell decreases. The maximum of the end-segment den-
sity distribution becomes progressively displaced to
smaller r but retains its symmetrical (Gaussian) shape.
In Figure 13, this is the case for D = 70.

However, the star size decreases with decreasing D
not as rapidly as the cell radius, and at sufficiently small
D, the right wing of the end-monomer distribution
becomes truncated at the cell edge, r = D, and the
distribution loses its symmetry. In fact, this marks the
beginning of overlapping of stars in the solution and
corresponds to the crossover between dilute and semi-
dilute regimes. With decreasing D, the right wing of the
distribution becomes more and more narrow and the
maximum of the distribution becomes higher and ap-
proaches the cell edge.

Finally, upon a further decrease in D, the maximum
(and the right wing) in the distribution disappears and
the density of end segments becomes a monotonically
increasing function from the center of the cell to the
periphery (this is the case for D < 48 in Figure 13). This
last regime corresponds obviously to the geometrical
confinement of the star in the cell.

It is natural to associate the second stage of contrac-
tion, when the symmetry of the free-end distribution is
already perturbed by the presence of the cell wall at r
= D but the maximum of the distribution is still
localized at r < D, with the crossover region between
dilute and semidilute solutions. For the conditions of
Figure 13, this is the case for 50 < D < 60. Hence, we
can estimate D* from above using the condition D* —
R(D*) = A, where A is the width of the free-end
distribution. The lower estimate for D* is given by the
condition of the disappearance of the maximum in the
free-end distribution. The upper estimate for D* is given
by the condition that the volume fraction of the end
segments at D is half the value of the maximum; i.e.,
@emax = 2¢e(D). The upper and the lower estimates for
D* are referred to as D{, and Dy, respectively; both are
indicated in Figure 13.
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Figure 14. Relative magnitude of the maximal star contrac-
tion in the dilute regime, Rqiute/D*, as a function of the number
of branches f for different m, which are indicated in the graph
(© solvent, N = 200, ¢° = 10~7). The open symbols refer to D},
and the closed symbols to Dj.

Of course, this difference is only important for finite
N. For sufficiently long branches, the width, D}, — Dy,
of this crossover regime is relatively small (in compari-
son to the overall star size or to D*) and the difference
between lower and upper estimates for D* becomes
irrelevant.

Figure 14 presents the ratio Rgijute/D*, where Rgiiute
is the star size at infinite dilution, thus for D = «. Rgiute/
D* characterizes the magnitude of contraction of the
star in the dilute regime as a function of the number of
branches in the star f. In the calculations, it is not
possible to take D infinitely high, so D is taken 200. In
accordance with our expectations for many-armed stars,
the larger the number of branches in the star, the less
sensitive the polyelectrolyte star size to the concentra-
tion increase in the dilute regime. For a many-armed
star, the magnitude of this contraction is not large. We
expect that, in the limit f = oo, D* tends to the star size
in a highly dilute solution. An opposite trend, i.e. an
increase of the ratio Rgiute/D* for the stars with small
numbers of branches, is remarkable.

In order to analyze the dependence of D* on the star
parameters, we can use the following arguments. Near
the overlap threshold, R = D, the concentration of
counterions is almost uniform throughout the solution;
i.e., Q*/Q = (1 — (R/D)3). Under these conditions, the
second, osmotic, term in the right-hand side of eq 9
predominates over the other terms. Expanding the
right-hand side of eq 8 in powers of (1 — (R/D)%) and
substituting the result in eq 9, we obtain (neglecting
the excluded-volume interactions)

D* =~ R* ~ (IBN3)1/4A1/4(f/m2)1/4 (21)

We expect that the above equation is valid in a wide
range of f, including f > f*, provided A is larger than
the intrinsic screening length near the edge of the star.
In Figure 15, calculated values of D* are plotted vs f/m?
on a double-logarithmic scale. The observed dependence
is close to the linear one that is expected from the
scaling arguments presented above. The slope is smaller
than expected from eq 21 under the assumption of
Gaussian fluctuations of the extension of branches; i.e.,
A ~ N2 This difference can be explained by nonneg-
ligible contributions of other interaction terms in eq 9.

Comparing eq 21 to egs 15, 16, we find that the ratio
Railute/D* is expected to vary nonmonotonically with
increases in f, i.e. a weak increase for small f < f* and
a decrease for large f. This conclusion is in qualitative
agreement with Figure 14.
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Figure 15. The parameter D* as a function of f/m? for
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Figure 16. Star size R as a function of the average volume
fraction of mobile ions @ions iN the cell (in double-log coordi-
nates) for f = 3 and 20 (© solvent, N = 100, m = 5). The open
symbols refer to the case where the salt concentration is varied
and D = const = 200. The closed symbols correspond to the

calculations where <p§ = const = 1077 and D is varied.

It is instructive to compare the conformational changes
in the star induced by an increase of the salt concentra-
tion (at small and constant concentration of polyelec-
trolytes in the solution) or by an increase of the
polyelectrolyte concentration at low and constant con-
centration of salt. In the latter case, the screening of
intramolecular Coulombic repulsion is provided by
counterions, while in the former case, both co-ions and
counterions contribute to screening. In Figure 16, the
star size is plotted as a function of the average volume
fraction of the mobile ions @jons in the cell. Open points
correspond to a salt-induced deswelling of the star,
whereas closed points show the decrease in the star size
with decreasing cell size (equivalent to the increase in
the concentration of stars in the solution). The “initial”
points of both curves correspond to the star in the cell
of radius D = 200 and with the bulk value of the salt

concentration go*; = 1077 and, obviously, coincide.

At high salt concentration, the star size R decreases
as R ~ ((;)2)71/5, which corresponds to the linear the
part of the curve describing screening by salt; the slope
is close to the predicted value of —/5. For the salt-free
case, large values of @ions correspond to a small cell size
D when geometrical confinement of the star in a cell
occurs, D < D*. Therefore, the In R vs In ®ions CUrve
tends to become linear with a slope —1/3,3% thus going
below the curve of screening by added salt.

The relative strength of intrastar screening (mani-
fested in the star size) due to added salt or due to
increased polyelectrolyte concentration in the interme-
diate range depends on the degree of branching.
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Figure 17. Relative magnitude of the maximal star contrac-
tion in the dilute regime, Rgiue/D*, as a function of the volume

fraction of salt in the bulk (pg (in double-log scale). The solid

curve corresponds to Dy, and the dotted curve to D{ (©-
solvent conditions, N = 200, m = 5, f = 20).

For f = 3, the distribution of counterions between
inter- and intrastar space is in a salt-free case almost
uniform even in dilute solution (see Figure 7) and
becomes more uniform with increasing concentration of
the solution. As a result, the enhanced screening effect
of polyelectrolyte concentration appears to be almost the
same as that of the salt concentration in a wide range
of concentrations below c* (corresponding to the overlap
of the stars in a salt-free solution).

The situation is different in the solution of many-
armed stars, f = 20, where the distribution of counte-
rions (in the absence of salt) at small concentrations of
polyelectrolytes is strongly nonuniform (see again Fig-
ure 7). At concentrations far below the overlap threshold
c*, a decrease of interstar distance (decrease in D) does
not significantly affect the intrastar screening and star
conformation because intrastar space contains only a
small fraction of all counterions. As a result, the star
remains more swollen than in the salt-added solution
with the same average concentration of mobile ions. The
star size starts to decrease rapidly (as R ~ ¢~13) as the
overlap threshold is approached, and the confinement
of the stars comes into play. This behavior is consistent
with an earlier scaling prediction®? for the many-armed
polyelectrolyte stars. We remark that, for many-armed
stars, the regime of close packing without considerable
interpenetration is expected to occur in a wide range of
concentrations above the overlap threshold, ¢ > c*, i.e.
in a semidilute solution. Therefore we expect that our
cell model provides a correct description of the crossover
between dilute and semidilute regimes, although it loses
its applicability above the overlap threshold c*.

The concentration effects in the regime of dilute
solution become less pronounced as salt is added to the
solution of star polyelectrolytes. The salt concentration
imposes the bulk screening length, «st = lg(@?) 2. We
expect that the concentration effects are negligible
unless the interstar distance, D, is smaller than «s1.
On the other hand, the intramolecular screening turns
out to be dominated by salt when the bulk screening
length x5~ becomes smaller than the intrinsic screening
length «~1, which, for many-armed stars, is much
smaller than the overall star size R.

In Figures 17 and 18, we give some additional
information on the behavior of D* as a function of the
bulk volume fraction of salt (pg. Figure 17 shows that,
for high salt concentration, D* becomes close to Rgiute-
In this regime, the charge is almost completely screened
and the polyelectrolyte star behaves like a neutral one.
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Figure 18. Parameter D* as a function of the volume fraction
of salt in the bulk (pg (in double-log scale). The solid curve

corresponds to D, and the dotted curve to D} (© solvent, N =
200, m =5, f = 20).

In Figure 18, it is shown that D* depends in the same
way as R on cp‘s’, see also eq 19.

6. Discussion and Conclusions

On the basis of the numerical SCF approach, we have
analyzed the conformational structure of star-branched
polyelectrolytes in dilute solution. The effect of the
degree of branching and the salt and polyelectrolyte
concentrations on the screening of intramolecular Cou-
lombic repulsion was studied systematically. The SCF
results confirm the general trends predicted earlier on
the basis of a scaling approach and provide better
insight into the behavior in the crossover regions, where
non-power dependencies of large-scale and local confor-
mational properties on the molecular and solution
parameters play an important role.

It is shown that, in dilute salt-free solutions, the
distribution of counterions is strongly inhomogeneous:
their local concentration is much higher in the intrastar
space and rapidly decreases in the bulk of the solution.
The effect of localization of the counterions in the
intrastar space becomes stronger with an increasing
number of branches f in the star. As a result, the
intramolecular Coulombic repulsion in many-armed
stars is strongly screened. This is manifested in a
leveling off of the f dependence on the star size at large
f.

We remark that the mean-field approach used in the
present paper does not allow us to take into account the
fluctuation-induced attractive electrostatic forces be-
tween the star branches. These forces arise due to
strong local fluctuations of the concentration of coun-
terions near strongly charged polyions and become
important at sufficiently large values of the Bjerrum
length. One can expect that this effect is stronger for
highly branched polyions in comparison to that for
linear ones because of the larger concentration of
counterions in the intrastar space. However, the analy-
sis of this phenomenon goes beyond the Poisson—
Boltzmann approximation used in the present paper.

With increasing concentration of polyelectrolytes, the
decrease in the translational entropy of counterions
results in their progressive redistribution from the bulk
of the solution to the intrastar space and in additional
screening of the Coulombic repulsion between charged
monomers. Therefore, the star size decreases. Signifi-
cant star contraction is observed with increasing con-
centration of polyelectrolytes in the regime of dilute
solution, i.e. below the overlap threshold for branched
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polyions. The effect is less pronounced in a solution of
many-armed stars, which retain most of the counterions
in the intrastar space, even in the dilute regime. In this
case, an increase in the average solution concentration
does not affect the local (intramolecular) counterion
concentration, and as a result, the intramolecular
screening is not changed. Hence, screening of intramo-
lecular Coulombic repulsion is determined not only by
the average solution concentration but also strongly by
the molecular architecture.

We have analyzed the structural changes in the
polyelectrolyte star induced by increasing the concen-
tration of the solution and have identified the crossover
concentration c*. This concentration corresponds to close
packing of stars which are already partially deswollen
in the dilute regime due to enhanced intramolecular
screening. At concentrations above c*, our cell model
describes the geometrical confinement of the star. If this
model is mapped to a (star) polyelectrolyte solution, then
c* corresponds to the crossover to the semidilute regime.
With increasing concentration above c*, overlapping and
partial interpenetration of the stars in solution occur.
However, in analogy to semidilute solutions of neutral
stars, we expect that, for many-armed stars, there is a
wide concentration range where star contraction occurs
with increasing concentration according to the power
law R ~ ¢c13, i.e. without significant interpenetration.
The reason is, obviously, the remaining extension of the
star branches with respect to the dimension of an
individual polymer chain in the semidilute solution of
the same concentration. Only at concentrations consid-
erably above the overlap threshold, ¢ > c*, does such
interpenetration become significant, and the structure
of the solution becomes the same as that of the solution
of individual linear chains of length N.

Our analysis of the effect of added salt on the
polyelectrolyte star conformation in the dilute regime
shows that the star size is virtually independent of the
salt concentration over a wide range because of intrinsic
screening by counterions. The onset of salt-induced star
contraction corresponding to a crossover to the domi-
nance of salt in the intramolecular screening is shifted
to higher salt concentration as the number of branches
in the star increases. This prediction is in a good
agreement with experimental results3* demonstrating
low sensitivity of polyelectrolyte stars to added salt in
comparison to their linear analogues. In the salt-
dominance regime, the star size decreases as R ~
((pg)fl’?’ according to earlier scaling predictions.*

The comparison of the effect of added salt and that of
increasing polyelectrolyte concentration on the star
conformation shows that, in the dilute regime, the star
size is less sensitive to increase of polyelectrolyte
concentration than to addition of salt. This effect is due
to the strongly inhomogeneous distribution of counte-
rions in a salt-free dilute solution of many-armed stars.
The difference between the two mechanisms of screen-
ing becomes less significant as the number of arms in
the stars decreases: for stars with small numbers of
branches, it is the average concentration of mobile ions
that determines intramolecular screening.
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